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1 Introduction 

The Teichmiiller geodesic flow {gt}, first studied by H. Masur [15] and W. 
Veech [2T], acts on the moduli space of Riemann surfaces endowed with a 
holomorphic differential. More precisely, let S be a closed surface of genus 
g > 2. One introduces on S a complex structure a and a holomorphic 
differential uj. The pair (a, uj) is considered to be equivalent to another pair 
of the same nature (cj, uj\) if there is a diffeomorphism of S sending (a, uj) to 
(o"i, cui). The moduli space Ai(g) consists of the equivalence classes, and the 
flow {g t } on Ai(g) is induced by the action on the pairs (a, uj) defined by the 
formula g t (a,uj) = (<t',uj'), where uj' = e*9ft(u;) + ie~ t ?s(uj), while the complex 
structure a' is determined by the requirement that uj' be holomorphic. If 
(a, uj) and (cr',a/) are equivalent, then the differentials uj and uj' have the 
same orders of zeros and the same area. Therefore, these orders and area 
are well-defined on M.(g). Moreover, they are preserved by the Teichmiiller 
flow {gt}- Take an arbitrary non-ordered collection n = (ki,...,k r ) with 
ki G N, ki + ■ ■ ■ + k r = 2g — 2, and denote by M. K the subspace of M.{g) 
corresponding to the differentials of area 1 (i.e., (i/2) J ujAuj = 1) with orders 
of zeros ki, i = 1, . . . , r; M. K is said to be a stratum in Ai(g). Each stratum 
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is a {(yff}-invariant set, and there is a natural {(^-invariant measure on A4 K ; 
this measure is finite [T5], [2"Tj . 

The space Ai K also admits a natural topological structure, in which it is 
in general non-connected. The number of connected components is no more 
than 3 and depends on n (see [13] for details), each of them is {^}-invariant. 

We fix an arbitrary closed component H and denote by [i K the normalized 
restriction to % of the above-mentioned {^j-invariant measure. 

Veech [23] showed that {g t } with respect to the measure /i K is a Kol- 
mogorov flow with entropy given by the formula 

h^({9t}) = 2g-l + r. (1.1) 

Our aim is to establish the following 

Theorem 1.1. The measure fi K is the unique measure of maximal entropy 
for the flow {g t } on %. 

The proof of this theorem is based on the representation of the flow {g t } 
as a suspension flow over a countable alphabet topological Markov shift. 
The reasoning proceeds in two steps. We begin with sufficient conditions 
for an invariant measure of the above suspension flow to be a measure with 
maximal entropy. These conditions are contained in Theorem 12.21 stated 
in Subsection 12.11 After stating the theorem we outline its proof. This 
proof is close in spirit to thermodynamic formalism for countable alphabet 
topological Markov shifts [12], [20], [19]. In particular, we use a uniqueness 
theorem by Buzzi and Sarig [6] for an equilibrium measure. An application 
of thermodynamic formalism to another smooth dynamical system with non- 
compact phase space, the geodesic flow on the modular surface, can be found 
in [TJ]. 

Subsections I2.2H2.5I are devoted to the proof of Theorem 12.21 in detail. In 
the rest of the paper (Sections [3H5]) we deduce Theorem 11.11 from Theorem 
12. 2\ and there (at the beginning of Section [3]), as before, we start from a 
sketch of the subsequent reasoning. 

The following observation lies at the centre of our argument in this part of 
the proof. The Teichmuller flow admits infinitely smooth stable and unsta- 
ble foliations, with respect to which it is "measurably Anosov" in the sense 
of Veech [23] and Forni [8] . The Masur- Veech measure /i K induces globally 
defined sigma-finite measures on unstable leaves and these measures are uni- 
formly expanded by the flow. In other words, the Masur- Veech measure has 
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the Margulis [2] uniform expansion property on unstable leaves. Informally, 
Proposition 14.81 expresses the Margulis property in terms of the symbolic 
representation of the Teichmiiller flow. 

Let us remark that to establish Theorem II. II we need only the special case 
of Theorem 12.21 dealing with the countable alphabet topological Bernoulli 
shift. But the proof for this case would be only a little easier than in the 
general one. The main results of this paper are stated without proof in [5J. 

2 Suspension flows 

Let G be an Abelian group (in what follows only G = Z or G = K will 
appear), and let {T g , g G G} be an action of G by measurable transformations 
of a metrizable topological space X endowed with its Borel cr-algebra B. 
Two actions, {X,T g } = {T g , g G G} on (X,B) and {X' \T g } = {T g , g G 
G} on (X',B'), are called isomorphic if there is a one-to-one epimorphic 
bimeasurable map $ : X — > X' such that T' o $ = $ o T g for all g G G. If $ 
is not necessarily epimorphic, we say that {X,T g } is embedded into {X',T g }. 

Consider also an action {X, T g } together with a {T 9 }-invariant Borel 
probability measure \i on X. Denote such an object by {X, T g) fi). We 
say that {X, T g ; fi} and {X',T g , //} are isomorphic if there are sets X\ G B, 
X[ G B' invariant with respect to all T g and all T' g respectively such that 
n{Xi) = fjf(X[) = 1 and the restrictions {Xi,T g \ Xl } and {X[,Tg\x[} are 
isomorphic in the above sense. 

If G = Z, the corresponding action will be denoted by {X, T n }. If G = M, 
we write {X,T t } or {T t } (or just T t , S t , etc. when it cannot cause confu- 
sion). In the former case T n = T n where T is a bimeasurable one-to-one 
transformation of (X, B) called an automorphism. In the latter case the ac- 
tion is called a flow. We keep the same terminology for actions considered 
together with their invariant measures. In this paper we mostly deal with 
flows that can be defined as follows. Let T be an automorphism of (X, B) 
and / : X — > [c, oo), c > 0, be a measurable function. Consider the direct 
product X x M + and its subspace Xf = {(x,u) : x G X, < u < f(x)}. 
For t > and every point x = (x,u) G Xf, we set S t x = (x,u + t) if 
u + t < f(x), and S t x = (T n x,u + t — Y^=o f{T l x)), where n is such that 
EIm? f( Tix ) <u + t< J2i=o f( Ti x)- For t < we set S t = (S^)" 1 and thus 
obtain a flow {Xf,S t }. For this flow, we shall also use the notation (T,f) 
and call it the suspension flow constructed by T and the roof function f. 
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Denote by M.tj the set of all T-invariant Borel probability measures 
/i on X with fi(f) < oo (here and in the sequel, := f fd^). Every 

(T, /)-invariant Borel probability measure fif on Xf is induced by a measure 
fi G M.TJ- Namely, 

M/ = (M/))~V x A)U /; 

where A is the Lebesgue measure on M + . We will refer to fif as the f -lifting 
of fi and for brevity write (T, /;///) instead of ((T, /);/!/). The entropy 
h(T,f;fif) of the flow (T, /) with respect of the measure /i/ is given by 
Abramov's formula 

h(TJ;fi f ) = h(T;ii)/ti(f), (2.1) 

where /i(T; ft) is the entropy of the automorphism T with respect to the 
measure fi. We define the topological entropy of (T, /) by 

h iop {T,f)= sup h{T,f;n f ). (2.2) 

This terminology is justified be the following well-known fact: if X is a 
compact space, T is a homeomorphism of X, and / is continuous, then the 
right-hand side of (12. 2p is indeed the topological entropy of the suspension 
flow(T,/). 

We refer to every fi G M-tj a t which the supremum in (I2.2p is achieved 
as to a measure of maximal entropy for (T, /). 

2.1 Suspension flows over Markov shifts 

In the specific case we will deal with, (X, T) is a countable alphabet topolog- 
ical Markov shift, i.e., X is the set of infinite two-sided paths of a directed 
graph T = (V, E) with vertex set V and edge set E C V x V, and T is the 
shift transformation: (Tx)i = Xi + \ for each x = (x{, i 6 Z) 6 X. In other 
words, X consists of all sequences x <E V z such that B XuXi+1 = 1, where 
B = B(T) be the incidence matrix of the graph T. The vertices v G V will 
also be called letters. 

In the sequel we assume that T is connected. If T is the complete graph, 
i.e., E — V x V, we have the topological Bernoulli shift with alphabet V. 

We introduce the discrete topology on V, the product topology on V^, and 
the induced topology on X C The map T is clearly a homeomorphism of 
X. We shall refer to every finite path of T, i.e., a sequence u> = {v i, . . . , t^) G 
V" fc such that (vi, v i+ i), i — 1, . . . , k — 1, as a word and sometimes say that 
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this word is from v% to v^. Denote the set of all words (including the empty 
word) by W{V) . 

Let w = {y i, . . . , v *.), w' = (v[, . . . , v[) be two words. The concatenation 
ww' := (v i, . . . , Vk, v[, . . . , v[) is also a word if (vk, v[) G -E. We say that to 
contains u>' (or u/ is a subword of w) if v[ — Vi, . . . ,v[ = fj+z-i for some i, 
1 < i < k — I + 1. In the special case that i — 1, we call u>' a prefix of to. 
Let io = (f i, . . . , t>„), n > 2, be a word and to' = (t> 1; . . . , Vi), I < n, be a 
prefix of u>. We call w' a simple prefix of u> if there is no k, 2 < < /, such 
that (vi, . . . , fn-fc+i) = (^fc, • • • , v n ). If w is a simple prefix of itself, then w 
is called a simple word. If a simple word is a prefix of another word, it is 
clearly a simple prefix. 

Remark 2.1. Every word u> = (t>i, . . . ,t> n ) is certainly the concatenation of 
the single- letter words v iy so we will also write w — v\ . . . v n . 

To every word w we assign the cylinder C w = {x G X : (xo, . . . , = 
w}, where \w\ is the length of w, i.e., the number of symbols in w. 
For a function / : X — > R, we set 

var n (/) = sup{|/(x) - f(y)\ : Xi = y f when |z| < n}, n G N. 

We say that / has summable variations if X]^i var «(/) < °°? an d that / 
depends only on the future if Xi = yt for alH > implies that f(x) = f(y). 
For a suspension flow {St} — (T, /) and for a set C C X, we put 

f(x, C) = inf {t > : S«(a;, 0) G C x {0}}, x G X, (2.3) 

so that f(x, C) is the first hitting time of C x {0} for a point x x {0} G X/. 

Theorem 2.2. For a countable alphabet topological Markov shift (X,T) cor- 
responding to a connected graph T, let f : X — > [c, oo), c > 0, be a function 
with summable variations depending only on the future, and let {S t } = (T, f) 
be the suspension flow constructed by T and f . Assume that p, G M.tj is a 
measure positive on all cylinders in X , and that for each I > 0, there exists 
a simple word w G W(T) with \w\ > I such that for every word w that does 
not contain w and for Jx-almost all x G C w ^ w , we have 

\fi{C waw )/fi{C w ) - e - sf ^\ < e-«M--(*,cy (2 4) 

where f(x,C w ) is defined in A2.3\) and a, s are positive constants (depending 
only on jx). Then 
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(i) s = h top (T, f), 

(ii) if s = h(T, /; Jxj) , then fif is the unique measure of maximal entropy 
for the flow {S t } = (T J). 

Remark 2.3. The ratio in the left hand side of (12.41) is clearly the conditional 
measure of C W ww, given C w . 

Remark 2.4. The assumption that / depends only on the future is made just 
for convenience: Theorem 12.21 remains true without this assumption, but in 
the sequel we use it only in the above particular form. 

Let us outline the proof of Theorem 12. 2[ At the first stage we consider 
(in Subsection 12.21) the particular case where (X,T) is a Bernoulli shift, 
while f(x), x G X, depends only on x (we then say that / depends on 
the zeroth coordinate). In this case the topological entropy h top (T,f) can 
be expressed explicitly in terms of /. At the next stage we come back to 
the general case and prove that the supremum in the definition of h top (T, f) 
can be taken over ergodic measures that are positive on all cylinders in X 
(see Subsection I2.4p . This enables us to state that h top (T, f) = h top (Tc, fc) 
for the suspension flow (To, fc) where Tc is the transformation induced by 
T on a cylinder C C X and fc is determined naturally by /, T, and C. 
If we chose C = {x : (x , . . . , x^) = w}, where w G W(r), then (C,T C ) is 
isomorphic to the countable alphabet Bernoulli shift. Hence the flow (Tc, fc) 
is isomorphic to a suspension flow (a, if) built over this Bernoulli shift. Here 
we use a finite approximation and find a function ip w that depends on the 
zeroth coordinate and is uniformly close to if (when w is long enough). The 
topological entropies of the suspension flows (a, ip) and (a, (p w ) are also close 
to each other. We apply the results obtained at the first stage to the latter 
flow and rewrite inequality (12.41) for it (see Subsection 12.51) . By directing the 
length of w to infinity we complete the proof of the equality s = h top (T, f), 
which implies that the measure under consideration has maximal entropy. 
We reduce the uniqueness of such a measure to that of the corresponding 
equilibrium measure and here use the uniqueness theorem by Buzzi and Sarig 

0- 

2.2 Entropy of suspension flows over Bernoulli shifts 

The proof of Theorem 12.21 is based essentially on some properties of sus- 
pension flows constructed by a topological Markov shift (in particular, by a 
Bernoulli shift) and functions of one or finitely many coordinates. Some of 
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these properties, studied first by Savchenko J2U] , are described in this section. 
We include proofs for the reader's convenience. Our approach is close to that 
of [20]. 

We begin with two simple lemmas. Let Af — N or {1, . . . , n}, n > 2, and 
let c = (ci,i G Af) be a sequence of real numbers such that inf ig _^Cj > 0. 
Denote by V = 7V, C the family of sequences p = (pi,i G Af) such that 

p l >0(tE Af), J^Pi = X > 53 ftC * < 00 • ( 2 - 5 ) 
(Certainly, 7-V )C does not depend on c when \Af \ < oo.) Let 

H(p) = Hjf >c (p) := - (^pilogpA [J2p^) > V eV ( 2 - 6 ) 

\ieN ) \i£N ) 

(we as usual let OlogO = 0). 

Lemma 2.5. If p G V is such that pk = for some k G Af, then there exists 
P' = {p'ii i e -A/") e ^ Pi > for all i such that H(p') > H(p), where the 
inequality is strict when H(p) < oo. 

Proof. We divide Af into two non-empty subsets, Af° = {i G Af : Pi = 0} and 
Af 1 = Af\Af°. Fix an arbitrary / G A/" 1 and for t G [0,p/) let p* = (pf, i G Af), 
where p\ = t, p\ = pi — t, and p\ = Pi for i ^ k,l. (By assumption, k G A/" .) 
Clearly, p* G "P and H(p f ) = oo when i?(p) = oo. A simple calculation 
shows that if H(p) < oo, then the right-hand derivative ^-H{p t ) at t = is 
+oo. Hence -ff"(p*) > -H"(p) when i > is small enough. 

If Af° = {k}, the proof is completed. If Af° \ {k} ^ 0, we first consider 
the case H(p) < oo. Fix an arbitrary t G {0,pi) for which -ff(p*) > H(p)- It 
is easy to find positive numbers q iy i G A/" \ {k}, such that 

53 ft = i, 53 q ^ Ci ~ log% ) < °° • ( 2 - 7 ) 

ieAf°\{fc} ieATo\{fc} 
For s G [0,t) we put p' s = (p' ,s ,i G A/"), where 

pl' s = sq h i e Af° \ {k}; p\ s = p u i G Af 1 \ {/}; = t - s; p\ s =pi-t. 

(2.8) 



7 



From (J22D it follows that p ts G V and lim s ^ if(p M ) = if(P*)- Therefore, 
H(p t ' s ) > H(p) as s > is small enough, and since p\ s > 0, we can take p t,s 
with one of these s for p'. 

It remains to note that if H(p) = oo, then if(p' ,s ) = oo for all s G [0, t) 
(see (J22D, flUD). □ 

Lemma 2.6. LetAf = {1, . . . , n}, n > 2, and let c, V = Vm, H = H^ c be as 
above. Then sup pg7 >ff(p) is the unique solution to the equation F n (/3) = 1, 
where F n (f3) = YJ l l=1 e-^- 

Proof. Since if is a continuous function on the compact set V C M ra , its 
supremum is attained at a point p° = i = 1, . . . , n) G V. By Lemma 
ESlrf > for all i. Let V + = {p G P : pi > 0, z = l,...,n}. For 
p G V + we put pi = 1 — YH=2Pi anc ^ cons ider the equations dH(p)/dpi = 0, 
% G {1}. From this system we derive that if p° is a point of extremum of 
H(p), then p® = e _/3 ° Q / 'F n (/3°), 1 < i < n, where (3° = const > 0. Hence the 
statement we are proving is true when q = C\ for i = 2, . . . ,n. Otherwise 
we take any i for which c, 7^ ci and from the equation 9H d ^ | P = P ° = 0, where 
Pi = 1 — Y^i=2i obtain 0° = if (p°). On the other hand, by substituting 
p° for p in H(p) we see that H(p°) = 0° - §A log F n (f3°). Therefore, 
logF ra (/3°) = 0, i.e., (3° is a root of the equation F n ((3) = 1. This root is 
unique, since F n ((3) decreases in (3. Finally, H(p°) = max pe p H(p), because, 
as was mentioned above, every point of maximum belongs to V + , hence the 
equations dH(p)/dpi = 0, i G J\f\ {1}, p\ = 1 — X^=2 Pi niust hold at this 
point. But we already know that these equations have only one solution. □ 

Let us now consider a countable alphabet topological Bernoulli shift 
(X, T) with X = V z , and the suspension flow {S t } = (T, f) constructed 
by T and a function / such that f(x) = fo(x ), x = (xj, i G Z), where 
fo : V -> [c, 00), c > 0. Let 

F{(3) = ^e"^), /3>0. 

vev 

Lemma 2.7. If there exists (3 > with F((3 Q ) = 1, then h top (T, f) = (3 . 
Otherwise h top (T, f) = sup{/3 > : F((3) = 00}. 

Proof. Denote by Btj the family of all Bernoulli measures in M.tj- Each 
v G Btj is determined by the one-dimensional distribution {p u (v), v G V}, 
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where 

P u (v) = u(C v )>0, J>» = 1, *£p v (v)f (v)<oo. 
We note that 

sup [h(T;v)/iM(f)]= sup [h{T-^)/^f)\. (2.9) 

Indeed, every ji G M.tj gives rise to the measure \ib G £?t,/ with 
p^ B (v) = [ib{C v ) = fi(C v ). Clearly, /U_b(/) = and basic properties 

of the measure-theoretic entropy imply that h(T; fi) < h(T\ /ie). 

Let us number in an arbitrary way the elements v E V and put = 
{u G B T j : p u (vi) = for i > n + 1}, n G N. For each /i G -£>t,/, one can 
easily find a sequence of measures v n G -B*" - - 1 such that 

\im[h(T;u n )/u n (f)]=h(T; f i)/ f x(f). 

n— >-oo 

Therefore, by fl2T9|) . 

sup [/i(T;^)/ M (/)]=sup sup [h(T; v)/v(f)}. (2.10) 

We now notice that the relations 

Pi := p"(«i), 1 < i < n\ p = p v := (p ls . . . ,p n ) 

establish a one-to-one correspondence between i?( n ) and "P = 7-V with J\f = 
{1, . . . , n}, and that h(T; v)/v(f) = Hj^ tC (p) = H(p), where c = (q, i G A/"), 
c< = fo(vi), % G A/" (see (Q and fl^D). ' 

By Lemma [2761 the right-hand side of (12.101) is sup n /3 n , where (3 n is deter- 
mined by F n (j3 n ) = 1. Let us note that _F n is the nth partial sum of the series 
for F and that both F n and F are strictly decreasing functions (for F it is 
true on the semi-axis where F is finite). Hence sup n /3 n = lim^oo f3 n . We 
consider two possible cases and first suppose that F((3) = oo for all > 0. 
It is clear that in this case lim^oo (3 n = oo. Otherwise there exists a unique 
/3oo > such that either F^) = 1, or F(/3) < 1 for > ^ and F(/3) = oo 
for /3 < /Sao. Since F n (/3) < F n+ i(/3) < for all n > 1 and /3 > 0, in both 
cases we have ]im n ^ 0O f} n < (3^. If linv^^ =: (3'^ < 0^, then F((3' n ) > 1 
(in the latter case Fi^fi'^) = oo). Therefore F^fi'^) > 1 for n large enough. 
But > (3 n , hence F^ft'^) < F n ((3 n ) < 1 for all n. From this we conclude 
that lim^oo /3 n = p^. We thus come to both statements of the lemma. □ 



9 



2.3 Induced automorphisms and Markov-Bernoulli re- 
duction 

For the next lemma we have to remind the following definition. Let T be an 
automorphism of the space (X, B), and let C G B. Denote 

X c = {x G X : ^l c (T n x) = ^lc(T n x) = oo}, C = C n X c . (2.11) 

n<0 ra>0 

Thus C consists of all points in C that return to C infinitely often in forward 
and backward time. Let also 

r(T, C; x) = min{n > : T n x G C}, T a x = T r(T ' C;a;) x, x G C . (2.12) 

It is clear that the sets Xc, C are measurable and invariant with respect 
to T and Tc> respectively, and that Tc> is an automorphism of the set C 
provided with the induced Borel cr-algebra; Tq> is said to be the induced 
automorphism on C. 

Lemma 2.8. Let (T,f) be the suspension flow constructed by an automor- 
phism T of (X,B) and a B-measurable function f : X — > [c, oo), c > 0, 
and let C G B. Then the suspension flow (T\ Xc , f\x c ) constructed by the 
restrictions ofT and f to Xc is isomorphic to the suspension flow (Tc>, fc), 
where 

t(T,G;x)-1 

fo(x)= K Tx ^ xeC '- ( 2 - 13 ) 

i=0 

Furthermore, if \i G M.tj is ergodic and such that fJ>(C) > 0, then fi(f) = 
f C t fcdfi and the suspension flow (T, /; fif) is isomorphic to the suspension 
flow (Tcfc'i (mcO/c'); where [if is the f -lifting of \i, [ic 1 is the normalized 
restriction of fx to C , and (nc')f c , is the fc -lifting of He 1 ■ 

We omit the proof of this lemma, since it follows immediately from stan- 
dard facts of ergodic theory (see, for instance, [7]). 

The following construction is reminiscent of the Doeblin first return method 
in the theory of Markov chains and has appeared repeatedly in the literature 
in different forms (presumably for the first time — in j9], see also [10] and 

HZD- 

Let w = («!, ...,vi) G W(T) and C = C w . Then X c defined by f l2~TT|) 
can be described as follows: x G X belongs to Xc if and only if there is an 
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increasing sequence of integers i% = ik( x ), ~ 00 < k < 00, such that < 
for k < 0, ik > for k > 0, and (x ik , . . . , x ifc+ z_i) = w for every while no 
other segment of x agrees with w. Furthermore, C consists of those x for 
which io(x) = 0. It is clear that 

ii(x) = r(T, C'\ x), ik(x) > i\{x) + k — 1, x G C'. 

Denote by A w the set of all words w' = (v[, . . . , v' v ) G ^(r) with /' > / such 
that (v[, . . . , v[) = {v' v _ l+l , . . . , v' v ) = w and no other subword of w' (i.e., a 
word of the form (v' m , v' m+1 , . . . , v r n ), 1 < m < n < V) agrees with w. It is easy 
to see that if x G X c , then for each fceZ, the word £j fe +i, • • • , Xi h 
belongs to A w . We thus obtain a mapping : X c — > (A^ 1, measurable with 
respect to the appropriate Borel cr-algebras; its restriction to C obviously 
induces a one-to-one correspondence between C and (A w ) z . Moreover, if 
x G C, then ty w TcX = a w ^/ w x, where a m is the shift transformation on 
Y w := (A w ) z , i.e., {a w y)i = y i+1 , y = (y u i G Z) G K,. Therefore, T C / is 
isomorphic to the countable alphabet Bernoulli shift (Y w , a w ) with alphabet 
A w . Here and in the sequel we consider each a G A w as either a word in 
the alphabet V or a letter in the new alphabet A w . What of these two 
possibilities takes place will always be clear from the context. 

This construction reduces in essence the study of the topological Markov 
shift (X, T) to that of a topological Bernoulli shift determined by w, and 
so we shall refer to it as the Markov-Bernoulli (M-B) reduction applied to 
(X, T) and w. 

2.4 Positive measures 

Our next aim is to show that the topological entropy of a suspension flow 
over a Markov shift can be computed using only ergodic measures that are 
positive on all cylinders. 

Lemma 2.9. Let {X,T) and f be as in Theorem \2. b A and let (T, /) be the 
suspension flow constructed by T and f . Then 

h top (T,f) = sup h(T,f;fi f ), 

where / consists of all ergodic measures in M.tj that are positive on all 
cylinders in X. 
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Proof. Denote by £tj the set of ergodic measures in Mtj- If A 4 £ M.tj\£tj, 
i.e., if \i is non-ergodic with respect to T, then /iy, the /-lifting of fi, is 
non-ergodic with respect to the suspension flow (T, /). The flow (T, /;///) 
can be decomposed into ergodic components (see [17]). This means the 
following. There exists a measurable partition £ of the space (Jf/,///) such 
that fi ^-almost every element of ( is (T, /)-invariant and the conditional 
measure {f^f) c ' c induced by fi on is invariant and ergodic with respect to 
the restriction of (T, /) to Q. We may consider (/i/) Cc as a measure on the 
whole space Xf] it is (T, /)-invariant and ergodic. By a general formula ( [18J , 
Section 9) 

h(T, f; l i f ) = [ h(T, /; (fJL f ) c <)iifx{dC c ), 
JXf\c 

where ///^ is the projection of /z/ on the quotient space Hence, for every 

e > 0, there is an element with h(T, /; (/i/) Cc ) > /i(T, /; — e. On the 
other hand, (fif) c ' c , being a (T, /)-invariant probability measure on Xf, is the 
/-lifting of a T-invariant probability measure \i Cc - on X, i.e., (f^f) C( = (fi Cc )f. 
It is clear that fi°< (/) < oo and (T, /i c c) is ergodic. Since e > was arbitrary 
small, we conclude that 

h top (TJ) = sup h(T,f;fif). 

fie&rj 

Let := <&r,/ \ ^t/ and assume that, contrary to the lemma we have 
to prove, for some 5 G (0, oo), 

sup h(T;v)/ii(f)> sup h(T;fJL)/fi{f) + 5, (2.14) 

which in particular means that 

sup h(T; fi)/n(f ) < oo. 

By virtue of (12.141) there is /i° G such that 

h(T; M°)//x°(/) > sup fc(T; //)///(/) + 5/2. (2.15) 

To show that this is impossible we first consider the case h(T; /i°) < oo 
and let h° = h(T, /j, )/ fi°(f). Since / has summable variations, one can find 
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ris G N such that, for every n > there is a function f n : X — > IR + with 
the following three properties: f n (x) = f n (y) whenever X{ = yi for |z| < n, 
inf xeX f n (x) > c, and 



sup|/(x)-/ n (x)| <6c 2 /8h°. 



One can easily check that then 

h(T ;f i) h(T;n) 



< 5 (2.16) 



Kfn) Kf) 

for every \i G f U {yU }- Hence (see (I2.15P ) 

h(T^°)/ti°(f n )> sup h{T;n)/n(f n ) + 5/±. (2.17) 

Since |/ — /„| < const, the functions / and /„ are integrable or not integrable 
with respect to a finite measure simultaneously. Hence £tj„ — £tj and 
£ + - £ + 

°T,fn ~ °T,f 

If h(T; /i°) = oo, then (12. 17ft clearly holds as well. 

Using the assumption fjP G £ j> f, we find a word w° G W(r) with n°(C w o) = 
0. Fix an arbitrary n 1 > max{nj, \w°\} and a word w 1 G W(r) with 
Iw 1 ] = n 1 , /i (w 1 ) > 0. Then we set f 1 := f n i, C := C w i, and apply 
the M-B reduction to (X, T) and w 1 . By Lemma 12.81 the suspension flow 
(T\x c , f 1 \x c ) is isomorphic to the suspension flow (cr,<p) := (a w i , (p p iW i) , 
where 

<p(y) := (fh+V-ly), yeY w u (2.18) 

Notice that the function ip is constant on every one- dimensional cylinder 
{y G Y : y Q = a}, a G the reason is that each a G A w i when considered 
as a word from W(r) is not shorter than w 1 . 

Let us carry over the measure fi^,, the normalized restriction of fi° to C 
(where C is defined in (I2.1ip ). to Y via the mapping to obtain a Borel 
probability measure u° on Y. From the above-described properties of f w i it 
follows that the automorphisms (Tc>; (/i )c) and (a; u°) are isomorphic and 
hence, by Lemma [278| the suspension flow (T, / ; ji) is isomorphic to the 
suspension flow (cr, if] (v )^), where and (^°) v are the / 1 -lifting of fj, 

and the ^-lifting of is , respectively. Therefore, by (12. ip . 

h(Tw°)/p {f 1 ) = h(a; V P)/ V P(<p). (2.19) 
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If we change v° for a a-invariant Bernoulli measure z/ 1 with the same one- 
dimensional distribution (i.e., with ^ 1 (C a ) = u°{C a ) for all a G A w i, where 
C a — {y G Y : yo — a}), then the numerator on the right-hand side of (12.191) 
can only increase, while the denominator will not change (since <p is constant 
on every cylinder C a , a G A w i). 

From the definition of u° and u 1 it follows that z/°(C a o) = i/ 1 (C a o) = 
for some a G A^i. Indeed, let w 1 = {v\, . . . , v\ ). Since the graph T is 
connected, there exists a word {y\, . . . ,v r ) G W(T) with (vx, . . . ,vij = w 1 , 
(v r -i 0+ i, . . . ,v r ) = w°, where Iq = \w°\. Choose an arbitrary shortest word of 
this type and denote it by w'. Similarly, let w" be one of the shortest words in 
which there are an initial subword and a terminal subword that coincide with 
w° and w 1 , respectively. From the assumption that /jP(w°) = 0, /i°(w 1 ) > 0, 
\w°\ < it follows that w" = w°w where w can be of one of the following 
three forms: (a) w = w 1 ; (b) w = ^w 1 , w 1 G W(r); (c) w = {v\, . . . ,vf ), 
1 < k < li, is a terminal subword of w l . Consider the word w'w. One easily 
checks that w'w G A w i. Moreover, fi°(w'w) = 0, because w'w contains w° 
as a subword. Hence yP c , (C' wl D C w r^) = 0. We can put a := w'w. Since 

V w i{C n C^m) = C a o, we have u\C a o) = u°(C a o) = 0. 

We now want to perturb z/ 1 within the class of Bernoulli measures on Y 
in such a way as to obtain a measure for which the right-hand side of (I2.19P 
is bigger than for v° and which is positive on all cylinders. 

Since (f(y), y — (yi, % G Z) G Y, depends solely on y , we have ip(y) = 
Vo(yo), where <^ is a function on A w i. 

Using Lemma I2.5[ we find a er-invariant Bernoulli measure v 2 on Y such 
that if h{o\ v 1 ) < oo, then 

h{a-p 2 ) h{v-y) h(a;u°) 
u 2 (tp) u 1 ^) ~ v°(<p) ' 1 } 

and if h(a; u 1 ) = oo, then h(a; u 2 ) = oo as well. 

Apply the mapping to transfer the measure z/ 2 to C and denote the 
resulting measure by /i'. The suspension flow (a, <p; {y 2 )^) is then isomor- 
phic to the suspension flow (Tc>, {f x )c\ (^Oc/ 1 )^)- Let C'{n) = {x G C : 
t t,c( x )}, n — 1,2,..., and fi' n = n'\c{n) be the restriction of /i' to C'{n) 
considered as a measure on X. Then the measure 

oo n—1 
n=l fc=0 
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is concentrated on Xq and T- invariant. By normalizing fj," we obtain a prob- 
ability measure //". By Lemma I2T51 the flows (T\ Xc ; f 1 \x c ) an d (^b'> (/ 1 )c* / ) 
are isomorphic. Then the flow (T, fx; (//")/! ) * s isomorphic to the flow 
(Tc, (/ 1 )c* / ; if 1 ') p'a) an d hence (see above) to the flow (cr, (p; {v 2 )ip). There- 
fore, 

h(T; //'V/A/ 1 ) = Ka; v 2 )jv\^) > h(T; ^/^{f 1 ) (2.21) 

(see fl2TT9|) . ( gj20j) ). It is clear that p!" G £ r ,/. Moreover, //" G S+ f . Oth- 
erwise we could apply to p!" the procedure that lead us to the measure u°, 
starting from The resulting measure would coincide with z/ ,s , and there 
would be a letter a G A w \ with v t,s {C a ) = 0. But we know that this is im- 
possible. Thus (I2.2ip contradicts (I2.17P with f n = f 1 and hence contradicts 

(EUD. □ 

Corollary 2.10. Let T, (X,T), f be as in Theorem\EB, (Y w ,a w ) be the 
topological Bernoulli shift obtained from (X, T) and w by the M-B reduction, 
where w G VT(r), and let ifif tW be the function defined in Ii2.18\) . Then the 
suspension flows (T, /) and (cr w ,ipf tW ) have the same topological entropy. 

Proof. As before, we let C = C w an use the notation in (12.11j) — (j2.13j) . From 
the definition of a w and (pf jW it follows immediately that the suspension 
flows (Tcfc) an d (&w, ff,w) are isomorphic and hence h top (Tc , fc) = 

). Similarly, by virtue of LemmaEEl h top (T C ', fc) = h t0 p(T\x c , f\x c )- 
But h top (T\x c , f\x c ) < h top (T, f), because Xq is a T-invariant subset of X. 
Hence 

frto P (c™, <Pf,w) = (Tc, fc) < h top (T, f). (2.22) 

On the other hand, by the same Lemma I2T51 h(Tn>. fc] fie) — h(T, /; p) for 
every fi G f> wriere fie is the /^-lifting of the normalized restriction of 
fi to C, and fx is the /-lifting of \i. The supremum in fi G £j.,f °f the ^ e ^~ 
hand side of the last equality is clearly not bigger than h(Tc, fc), while 
by Lemma 12.91 the supremum of the right-hand side is h top {T,f). Hence 
hto P (Tcfc') > h top (T,f), which together with f)2.22p yields what we are 
proving. □ 

2.5 Proof of Theorem I2T21 

Fix notation as in Theorem 12.21 Let us also fix n and for a wile write w 
and C instead of w n and C Wn , respectively. Consider the sets X c , C, the 
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induced transformation T c > : C — > C, and the function f c > (see (12.1 ip ~ 
(E7I3j> ). Apply the M-B reduction to (X,T) and w. 

From (Q, 0ZT3]) it is clear that f(T,C;x) = for every a; G C". 

Thus (12 .4p can be rewritten in the form 

\fi(C w ^ w )/fl(C) - e-Zc^l < e -«M-fc>(*) } (2.23) 

which is true for /i-almost all x G C w ^ w . 

The simplicity of u> implies that each word a G A w is of the form a = 
www, where w G W(T) (w may be an empty word if ww G W(T)), and w 
does not contain to as a subword. 

By assumption, the measure ft is positive on all cylinders and T- invariant. 
Hence fi(C) = fi(C) > 0, and we can normalize /2 on C to obtain a T^/- 
invariant probability measure ft'. Its image v' := (^l/^,)*/^ is a probability 
measure z/ on Y = Y w invariant with respect the shift transformation a. 
From the definition of ty w it follows that, for a := www G A w , 

C a := {y EY :y = a} = * ffi C™„ 

and hence 

v\C a ) = fio(C wll>w )/mu (C w ). (2.24) 

Notice that v'(C a ) > for all a G A w . 

Taking into account the relation between f c > and ip = ipf tW (see (I2.18P ) 
and using (J2Z23]), (EMD, we obtain 

\v'{C a ) - e - SLpi - y) \ < e - a ^- s ^ y \ a G A w , (2.25) 

for z/'-almost all y G C a . 

Our next step is to approximate ip by a function that is constant on each 
cylinder C a , a G A^. 

Since u> is simple, we have r(T,C';x) > \w\ for all x G C" (see (I2.12p ). 
We say that x« = i G Z) G C" and x^ = (xf\ i G Z) G C are 

equivalent (x« ~ x^) if r(T, C";^ 1 )) = r{T,C';x^) and x, (1) = xf for 
< i < r(T, C"; x^). If x^ ~ x^ 2 \ then (because u> is simple) x^ = x^ 
for r(T, C"; x^ 1 - 1 ) < i < r(T, C"; x*- 1 -*) + \w\ — 1 as well, from which we obtain 
(see HEED) 

|/c'(^ (1) )-/c(^ (2) )l < 

r(T,CV)-l oo 

< £ |/(T*x«) - f(Tx^)\ < ™r n (f). (2.26) 

i=0 n=\w\ 
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Let 

C w (x) := {x' G C : x' ~ x}, f w {x) = inf f c >(x'). (2.27) 

It is easy to see that C w (x) is a cylinder and that these cylinders constitute 
a partition of C . Moreover, by virtue of (I2.27p . (I2.26P the function f w is 
constant on each element of this partition and 

oo 

< f C >(x) - f W {x) < ™n(f), X G a. 

n=\w\ 

Therefore, 

oo 

< <p(y) - <p w (y) < var «(/)' y G F ' ( 2 - 28 ) 

n=\w\ 

where tp w (y) : = f w ('^~ 1 y) is constant on each cylinder C a C Y, a G A w 
(here, by ^^y we mean the unique point x G C such that ^ w x = y) and 
hence there is a function ip™ on A„ such that f w (y) = <fo(yo)- 

With Lemma [2T71 in mind we will estimate the sum J2 a eA ex P[~ S{ Po (°)]- 

Let 

oo 

5 W := ^ var n (/). (2.29) 

n=\w\ 

Since v'{C a ) > for all a G A^, one can choose, for every a, a point y a G C a 
such that (I2.25P holds for y = y a . Hence 

u'(C a ) - exp[-a\w\ - s(p(y a )] < e~ sipiya) < v\C a ) + exp[-a\w\ - s<p(y a )}, 

so that 

v'{C a )/{\ + e -°W) < e-*M < v\C a )/{\ - e -l-l), a e Ay] , 
1/(1 + e-" H ) < e~ Mya) < 1/(1 - e~ aH ). 

a£A w 
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From (E2HJ), (g^gj) we obtain 



— r-r < V e~ s ^ < V 

]_ _|_ g— a|ui| — — 

= e -sv ro (2/a) < 1 . + ^ [ e - slpw ( ya) - e ~ sip{ya) ] 

1 p s5w 

■■ V e~ s ^ ya) \ e '^^-f w (3i')) - ll < — _ — . (2.30) 

J g— a|to| / / L J — j g— a\w\ v ' 



By assumption, we now can take w = w n , where \w n \ — » oo as n — > oo. 
From fl2T30|) it follows that 



lim V exp[-s<"(a)] = 1. (2.31) 

Let 

F n (w) := ^ exp[-u^(o)], n = l,2,... 

If, for a fixed n, there is a « e M such that F n (u) = 1 (such it can be only one), 
then we denote this u by u n . Otherwise we put u n := sup{w : F n (u) = oo}. 
Notice that u n > (because F n (0) = oo) and u n < oo (because of (I2.30p ). 
From the definition of (p Wn it follows that inf y& y l -P Wn (?/)—> oo as n oo 
(remind that Y = Y Wn ). Therefore, for every 7 > 0, we have dF n {u)/du 
—00 as n — » 00 uniformly in u on the set D 7 := {u : 7 < F n (tt) < 00} (we 
mean the right-side derivative if u is the left endpoint of the interval D 7 ). 
Using this fact, it is easy to deduce from ( 12.31)) that u n — > s as n — > 00 (it 
would be sufficient to know that dF n {u)/du < const < on D 7 ). 

Let us now consider two isomorphic suspension flows, (a, ip w ") and (Tq>, f Wr 
By Lemma [2.71 

t n = h top (a, ip w -) = h top (T c ,, f «), n = l,2,..., 

where C = (C Wn )', and hence 

8= lim h top (T c ,J Wn ). 

n— »oo 

From (I2.28P and the evident bounds h top (a, ip Wn ) < 2s (as n is large enough), 
inf if > c, and inf ip Wn > c we obtain 

|^to P (cr, <p Wn ) - h top (a,cp)\ < 2s5 n /c, 
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where 6 n = ^ fe= |j„ n | var n (/) (cf. ( 12. 16ft ). Therefore s = h top (a, <p), and hence 
(see Corollary 12.101) s = h top (T, f). So statement (i) is proved. 

To prove statement (ii) suppose that s = h top (T,f; (//)/). Together with 
(i) this means that (p) / is a measure with maximal entropy for the suspension 
flow (T, /). We conclude that (T, /) can have only one measure with maximal 
entropy, using a result by Buzzi and Sarig [BJ, as follows. 

Let (p) f be such a measure. Then by (12.21) 

KT,p) < h{T,p) 

where s = h top (T, f). Hence for every p G -Mtj, we have h(T,p) + p(g) < 
0, where g(x) := —sf(x), x G X, while h(T,p) + p(g) = 0, so that the 
topological pressure of g is zero and p is a ^-equilibrium measure. Using the 
natural projection n : V z — > V z+ we let X + = tcX and f + (x + ) = f(x) for 
x + G X + and any x G n~ 1 x + (by assumption, / is constant on the set ir~ 1 x + , 
so that f(x) depends only on x + ). It is easily checked that ttTx = T + irx, 
x G X, where T + is the shift transformation on X + , and, moreover, that 
7T induces a one-to-one correspondence between M.tj and A4t + j + , the set 
of T + -invariant probability measures /x + on X + with < oo. Let 

/io+ G M.t + j + correspond to /i - Then /x + is a g + -equilibrium measure, 
where p + = —sf + . Notice that the one-sided Markov shift T + is topologically 
transitive (because the graph F is connected), the topological pressure of g + 
is zero (because this is the case for g), and sup a;+eX+ g + (x + ) < (because 
inf xe x f{x) > 0). Thus, by Theorem 1.1 from [6J, there can be only one 
^-(.-equilibrium measure. So the proof of Theorem 12.21 is completed. 



3 A covering flow 

At this point we start deducing Theorem 11.11 from Theorem 12.21 The aim of 
the present section is to recall the construction of a flow that can be viewed 
(see Section below) as "covering" for the Techmuller flow {gt}- We shall 
show (see corollary 5.2) that our problem can be reduced to a similar problem 
for this covering flow (denoted by {-P*})- 

We first remind some constructions due to Rauzy [IB] . Veech [21], and 
Zorich [26] (see also [21]). Using these constructions we obtain (in Subsection 
I3.2p the covering flow as a suspension flow over a measurable transformation 
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defined on a bounded Borel set in a Euclidian space of finite dimension. We 
next consider (in Section H]) a symbolic representation of the flow {-P*} and 
show that it is, up to an isomorphism, a suspension flow over a countable 
alphabet topological Markov shift (denote the alphabet by A). Theorem 
12.21 cannot yet be applied directly to this suspension flow, since, if for no 
other reason than that its roof function is not bounded away from zero and 
has non-summable variations. That is why we change the base (Poincare 
section) of our flow for its appropriate cylinder subset (we in fact use a 
family of cylinders) and thus perform a change-over to a new suspension 
representation (going back to Veech). The new suspension flow appears to 
be built over a countable alphabet Bernoulli shift whatever cylinder set we 
take (this is a Markov-Bernoulli reduction as defined in Subsection 12. 3p . Not 
all cylinders are useful for us here, but only those corresponding to admissible 
"positive" words w £ U^Li A n (there is a canonical way to assign a matrix 
with non-negative integer entries to each w; if all the entries are positive, 
we refer to w as a positive word). It we change the positivity for a stronger 
requirement that each words w involved in the construction has a simple 
positive prefix (the definition is given in Subsection 12. ip . it will be possible 
to prove (see Subsections 14.31 and I4.4p that the roof function has summable 
variations (it is even Holder continuous), while the measure \i R (see Section 
[TJ induces on the base of our suspension flow an invariant measure satisfying 
the requirements imposed on the measure Jx in Theorem 12.21 It remains to 
note that for each {P*}-invariant ergodic probability measure v with positive 
entropy, there is a sufficiently large collection of words w with u(w) > that 
have a simple positive prefix (see Lemma 15. 5j) . We thus have everything 
necessary for applying Theorem 12.21 

3.1 Induction maps 

Let 7r be a permutation of m symbols, which will always be assumed irre- 
ducible in the sense that 7r{l, . . . , k} = {1, . . . , k} implies k — m. The Rauzy 
operations a and b are defined by the formulas 
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)7rj, if rcj < 7rm, 

irj + 1, if Tim < nj < m, 
Tim + 1, if irj = m. 

These operations preserve irreducibility. The Rauzy class is defined 
as the set of all permutations that can be obtained from ir by application of 
the transformation group generated by a and b. From now on we fix a Rauzy 
class TZ and assume that it consists of irreducible permutations. 

For i,j — l,...,m, denote by the mxm matrix whose (i, j)th entry is 
1, while all others are zeros. Let E be the identity m x m-matrix. Following 
Veech [21], introduce the unimodular matrices 

A(o,7r) = EU + E m ' n ~ lm+1 + Ei ' i+1 > 

i=l i=7r -1 m 

A(b, tt) = E + E m >*~ lm . (3.2) 
For a vector A = (Ai, . . . , A m ) G M m , we write 

m 

\\\ = jrxi. 

i=l 

Let 

A m _! = {A G W n : |A| = 1, Ai > for % = 1, . . . ,m}. 

One can identify each pair (A, 7r), A G A m _ 1; with the interval exchange 
map of the interval I := [0, 1) as follows. Divide / into the sub-intervals 
Ik '■= [Afe-i, where /?o = 0, /3k = Yli=i Aj, 1 < A; < m, and then place the 
intervals Ik in I in the following order (from left to write): I n -ii, . . . , 
We obtain a piecewise linear transformation of I that preserves the Lebesgue 
measure. 

The space A (1Z) of interval exchange maps corresponding to 1Z is defined 

by 

A(TZ) = A m _! x K. 

Denote 

A^Jr = {A G A m _i| A^-im > A m }, A^ = {A G A m _i| A m > A^-im}, 
A+(^) = U^{(tt,A)| AG A+}, 



21 



A-(ft) = lW(7r,A)| Ag A;}, 
A±(72) = A+{n) U A" (ft). 
The Rauzy-Veech induction map T : A* (ft) A(ft) is defined as follows: 



a7r), if A g At, 



T(A, tt) = { y ' " * ' (3.3) 



One can check that T(A, 7r) is the interval exchange map induced by (A, tt) 
on the interval [0, 1 — 7], where 7 = min(A m , A„-i m ); this interval stretches 
to unit length. 

Denote 

A°°(ft) = p| T- n A ± (TZ). (3.4) 

n>0 

Every T-invariant probability measure is concentrated on A 00 (72.). On the 
other hand, a natural Lebesgue measure defined on A (72), which is finite, 
but non-invariant, is also concentrated on A 00 (ft). Veech [5T] showed that 
T has an absolutely continuous ergodic invariant measure on A (72.), which 
is, however, infinite. 

Following Zorich [26], for (A, it) G A°°(72), we set 



^ mm{k > : T fc (A, tt) G A+(72)}, if A G A;. 



The Rauzy- Veech-Zorich induction map Q is defined by the formula 

£(A,tt) = T n{x ' 7r \X,7r), (A, 7r) G A°°(72). (3.6) 

Theorem 3.1 (Zorich [26J). The map Q has an ergodic invariant probability 
measure v absolutely continuous with respect to the Lebesgue measure on 
A°°(72). The density p of this measure is of the form 

p(A, tt) = P w (A)/Q ff (A), A = (Ai, . . . , A m ), 

where P n and are homogeneous polynomials with non-negative coefficients. 
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3.2 Zippered rectangles 



Here we briefly recall the construction of the Veech space of zippered rect- 
angles. We use the notation of [I]. 

Zippered rectangles associated with the Rauzy class TZ are triples (A, it, 8), 
where A = (Ai, . . . , A m ) G R m , \, t > 0, vr G 71, 8 = (5 U . . . , <? m ) G R m , and 
the vector 8 satisfies the following inequalities: 

8 l + --- + 8 i <0, i = l,...,m-l, (3.7) 

S^-i i + h 8^-1 i > 0, z = 1, . . . , m — 1. (3.8) 

The set of all vectors 8 satisfying (13.71) . (13. 8 j) is a cone in M m ; we denote it 
by K(tt). 

For a zippered rectangle (A, 7r, 8), we set 

r— 1 nr—1 

1=1 i=l 
m 

Area (A, vr, 5) := ^ A r /i r . (3.10) 

r=l 

(Our convention is J21= u ■■■ = when it > t>.) By (13. 7p . (13. 8 p h r > for all 
r, and if we relate the set Z := \J^ =1 I r x [0, h r \ (a union of rectangles in 
R 2 ) to every triple (A, tc, 8), then Area(X, ir, 8) becomes merely the Lebesgue 
measure (area) of Z. By appropriate identification of intervals in the bound- 
aries of different rectangles I r x [0, h r ] one obtains a compact Riemannian 
surface and a 1-form on it. This procedure (due to Veech [21]) is thoroughly 
described in the literature (see, for example, [25], [26]). We do not use it as 
such and so omit details. 

Denote by V(1Z) the space of all zippered rectangles corresponding to the 
Rauzy class 7Z, i.e., 

V(7l) = {(A, ir, 8) : A G R™, vr G 71, 8 G K(tt)}. 

Let also 

V + (7Z) = {(X,n,8) G V(ft) : Vim > A m }, 
V-(7e) = {(A,tt,o) G V(ft) : Vim < A m }, 

v ± (?e) = v + (K)\jv-(n). 
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Veech [2T] introduced the flow {P 4 } acting on V(JZ) by the formula 

P*(\,tt,S) = (e*A,7r,e-*<y), 
and the map U : V ± (1Z) — >■ V(72), where 



U(\,ir,d) 



(A(ir,a) 1 X,air,A(ir,a) 1 S), if X n -i m > X m , 

(A(7C, ft) -1 A, A(7T, &) _1 <J), if A,r-l m < Am. 



(The inclusion UV ± (TZ) C V(72) is not evident and should be proved; this 
was done in [21] ■) The map U and the flow {-P*} commute on V ± (TZ) and 
both preserve the measure determined on V(TZ) by the volume form Vol = 
d\i . . . dX m d5\ . . . d5 m . They also preserve the area of a zippered rectangle 
(see (13.1 Op ) and hence can be restricted to the set 

V l ^{TZ) := {(A,7r,(5) G V ± (H) : Area(X,7i,5) = 1}. 

The restriction of the volume form Vol to V 1 ' (72.) induces on this set a 
measure /Mn which is invariant under U and {-P*}. 
For (A,vr) G A (ft), denote 

r°(A, tt) =: - log(|A| - min(A m , X^ m )). (3.11) 

From (jOl . (P it follows that if A G A+ U A;, then 

r (A,7r) = -log|A- 1 (c,7r)A|, (3.12) 

where c = a when A G A+ , and c = 6 when A G A~ . 
Next denote 

y x {K) := {x = (X,7T,6) G V{K) : |A| = 1, Area(X,ir,5) = 1}, 
r(a;) := r°(A, tt) for x = (A, tt, 5) G ^(72), 

Vi,r(^):= (J P ' x - ( 3 - 13 ) 

xeyi(n), o<t<r{x) 

Using the map U, we are going to transfer the flow P t to the set Vi )T (TZ) (or, 
more precisely, to its proper subset). 

It is easy to check that UP t( - x) x G 3^(72) for every x G yi(K) H V ± {TZ). 
Identifying the points P T ^x and UP T ^x, we can continue the trajectory of 
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x by some distance. But it can happen that XAP T ^x V ± (Jl), so that we 
cannot proceed this way. 

To make {-P*} well defined on an invariant set we have to somewhat 
reduce the domain of U. Let 

VltiK) := {(A, 7T, 5) G V^iK) : a m {5) ^ 0}, 
V oc (^) := [\WV x f(K). 

nGZ 

Clearly U n is well-defined on VooiJZ) for all n G Z. 
We now set 

y(K) := ^i(^) n Voo(^), v(K) := Vi, T (^) n v^n). 

The above identification enables us to define on V(TZ) a natural flow, for 
which we retain the notation {P f }. (Although the bounded positive function 
r is not separated from zero, the flow {P t } is well defined.) 

Let us also note that /i-fc(Vi >r (7?.)) > 0. By a theorem proven indepen- 
dently by Veech [21] and Masur [15] /i^(Vi ir (7?.)) < oo, and we in what 
follows assume that the restriction of fi-n to Vi^iJZ) is normalized to have 
total mass 1. Since clearly /i-^(Vi iT (7?.) \ V{JZ)) = 0, we can consider /i^ to 
be defined on V(TZ). This measure is ergodic with respect to the flow {P f }- 

Remark 3.2. The presentation here differs from the one in Veech [21] by a 
linear change of variable: the Veech vector parameters h and a of a zippered 
rectangle (A, it, S) are expressed in terms of 7r and 6 by (13.91) and the equations 

r 

a r = a r (5) = — 5i, r = 1, . . . , m. 
i=i 

Following Zorich [25] , denote 

y+(jl) = {x= (A, 7T, 5) e y{H) : A e A+, a m (<5) < 0}, 
y-(7e) = {x = (A, vr, 5) G : A G A~, a m {8) > 0}, 

^ ± (^) = y + (n)uy-(n), 

and let 3^(7?-) be the set of all x G y ± (JZ) for which there exist infinitely 
many positive t and infinitely many neg ative t such that P l x G y ± {K). 
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Take x G 3^,(72), x = (X,tt,8), and let J-{x) be the first return of x to 
the transversal y ± (TZ) under the flow {P t }- The map J 7 is an extension of 
the map Q to the space of zippered rectangles: 

if JF(A, tt, 5) = (A', vr', 5'), then (A', tt') = £(A', vr'). (3.14) 

Note that J 7 is invertible on y^(JZ) and if x G 3^ + (72) (respectively, x G 
then F{x) G ^"(7^) (respectively, .F(x) G 3^(72)). Moreover, 

^(^)= n^ ± (^). 

If x = (A,vr,<5) G y±(K) and £(A,vr) = T n (A,vr), then, by (Q, (BSD , 
the first return time of x to y ± {7V) under the flow {P 1 } is 

r(A, vr) + • • • + r(7^- 1 (A, vr)) = - log \A~\c, c^V) . . . A _1 (c, vr)A|, (3.15) 

where c = a when A G A+, and c = b when A G A~. 

We finish this section with considering a relationship between the proba- 
bility measure [in mentioned above and the measure v introduced in Theorem 

EH 

Denote by /x^ the J 7 - invariant probability measure induced by on 
y^(Tl). Remark that if (\,ir,5) G y±(K), then (A,tt) G A°°. 

Lemma 3.3. (cf. [21], [2J]) Let ^ : 3^,(72) -> A°°(72) 6e t/te map defined 
by if)(\, 7r, 5) = (A, 7r). Then ip*^ = v. 

Proof. Note that there is a natural Lebesgue measure on each of the spaces 
V(72), 3^,(72-), and A 00 (72.). Since is proportional to the Lebesgue mea- 
sure on V(H), from the definition of {P*} it follows that n\ is absolutely con- 
tinuous with respect to the Lebesgue measure on y^ (1Z). Let v x : = 
It is clear that z/ 1 is a probability measure absolutely continuous with re- 
spect to mesA, the Lebesgue measure on A 00 (72), while by Theorem 13. II the 
probability measure v is equivalent to mesA and ergodic with respect to Q. 
Therefore, v x —v. □ 



4 Symbolic representation of the covering flow 

In this section we construct suspension flows over symbolic Markov shifts 
that will be of great importance in the study of the flow {P*}. Using [21], 
|26j, we begin with a brief description of a symbolic model for the map Q. 
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4.1 Symbolic dynamics for the mapping Q 



We shall only deal with the interval exchanges (A, tt) from A°°(1Z) (see (I3.4p ). 
so that all iterations of the map Q are defined. Our notation follows [I]. 
Consider the alphabet 

A := {(c, n, tt) I c = a or b, nGN, n G 7?.}. 

For u;i = (ci, ni, 7Ti) G A, w 2 = (c 2 , n 2 , tt 2 ) G ^4, we set 

B(wi w 2 ) = I 1 if ^ nini = ° 2 ^ Cl ' 
1 otherwise 

and thus define a function B : A x „4 — )■ {0, 1}. In other terms, we have a 
directed graph T_a,b = (^j-^), where V = A and where (wi,w 2 ) G -E if and 
only if B(wi,w 2 ) = 1. From the definition of the Rauzy class TZ in Subsection 
13.11 it follows that the graph b is connected. 
Introduce the space of words 

y^AB — {w = W\ . . . w n \ Wi G A, B(wi,w i+1 ) = 1 for i = 1, . . . ,n}. 

It is convenient to include the empty word in W^b- We use the notation of 
Sub-section 12.11 In particular, for a word w G VV^^, we denote by |w| its 
length, i.e., the number of symbols in it; given two words w^\w^ G VV^b, 
we denote by w^'w^ their concatenation. Note that the word w^'w^ need 
not belong to Wa,b, unless a compatibility condition is satisfied by the last 
letter of and the first letter of w^ 2 \ 

To each nonempty word w G W^.b we assign a renormalization matrix 
A{w) as follows. If w is a single-letter word, w = (c, n, tt) G A, we set (see 

A{w) = A{c, tt)A(c, or)... A{c, c n_1 7r); (4.1) 
for w G Wa,b, where w = W\. . . w n , Wi G A, we set 

A(w) = A(wi) . ..A(w n ). (4.2) 

Consider the sequence spaces 

^A,b = {w = (uj ,uji, ...)\ co n G A, B(u n ,u n+ i) = 1 for all n G Z + }, 
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and 

&A,b = {u = (■■■, oj , oji, . . . ) | oo n G A, B(u n , LOn+i) = 1 for all n G Z}. 

Denote by a the one step left shift on both these spaces. 

Let us now describe the coding map. For every letter w = (c, n, n) G A, 

we set 

= J A+(ft) n {(A, tt) g A~(fc) | n(A, tt)} if c = a, 
{) |A~(7£) fl {(A,7r) G A°°(7^)| n(A,7r)} if c = 6. l ' J 

In other words, when c = a (resp., c = b), A(w) consists of all points (A, n) G 
A°°(72) n A+(K) (resp., (A,tt) G A°°(72) n A-(K)) such that T fe (A,7r) G 
A+(K) (resp., T fe (A,7r) G A~(72)) for k = 0, . . . , n - 1, and T n (A,7r) G 
A~(1Z) (resp., T k (X,n) G A + (72)). Using (|3.5p . one also can check that if 
tu = (c, n, 7r), then 

AwJ AB(R)nMAG ^^ 6A ^ },it C = °' (44) 
1 \A-(^)n{(A,7r)|AGA- ^gp^eA+J, if c = b. 

It is easy to see that all the sets A(w), w G A, are non-empty and constitute a 
partition of A 00 (72.). We use this partition to construct a symbolic dynamics 
for Q. By iterating this partition n times under the action of the transforma- 
tion Q we obtain a partition whose elements, A(w), are determined by the 
words w G Wa,b of length n. Namely, for a word u> = u>i . . . w n G VV^s, 
lOj G A, we set 

n— 1 

= p| G~ i A(w i+1 ). (4.5) 

Remark 4.1. From (|33J, ([SSD, and (j4TT]) - flOj) it follows that if (A, tt) G A{w) 
and (A',7r') = £?(A, 7r), then 

A' = A- 1 {w)X/\A- 1 {w)X\, A = A{w)X'/\A{w)X'\. 

These formulas can be easily extended by induction to the case where w = 
u>i . . . w n G W AB , (A,vr) G A(w), and (A',7r') = G(X,ir). 

The coding map $ : A 00 (72) — )■ fi^,_B is given by the formula 

$(A, tt) = (w , wi, ■ ■ ■ ) if G n (X, tt) G A(w„) for ti = 0, 1, ... . (4.6) 
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Consider conditions under which the coding map is invertible. For q G 
y^A,B we denote by f2 q the set of all sequences u G Qa,b starting from the 
word q and containing infinitely many occurrences of q. A key role will 
be played below by the words q such that all entries of the renormalization 
matrix A(q) are positive. For short we will refer to these q as positive words. 
Observe that each word containing a positive prefix is also positive. 

The next two lemmas are due to Veech [2T] . 

Lemma 4.2. Let q G Wa,b be a positive word. Then for every u G flq, 
there exists a unique (A,7r) G A°°(TZ) such that $(A,7r) = u. 

Lemma 4.3. If the interval exchange map (A, it) : [0, 1] — > [0, 1] is uniquely 
ergodic, then there exists a positive word q G Wa,b such that (A, n) G A(q). 

Remark 4.4. Veech [21] in fact observed that for the existence of q mentioned 
in Lemma H~3l it is sufficient for (A, n) to satisfy Keane's infinite distinct orbit 
condition. 

4.2 Symbolic dynamics for the flow {P f } 

We first construct a symbolic dynamics for the map T introduced in Subsec- 
tion |3H For (A,vr,<5) G y±(K) we set 

$(A,7r,5) = (. ..,w_i,w ,wi,...), Ui G A, (4.7) 

if J^(A, 7T, 5) = (A^,7r^,^) and (A^, 7T^) G A(w n ), n G Z (remind that J 7 is 
invertible on 3^(7^))- In parallel with the coding map $ (see Subsection 
14. ip we have 

Moreover, from (I3.14p and H4.6[) it follows that (14. 7p implies that 

$(A,tt) = (u ,ux, ■■■). 

For q G Wa,b, |q| = I, similarly to the definition of fi q in Subsection 14. 1[ 
we denote by the set of all sequences u G Q\b satisfying coq . . . = q 
and admitting infinitely many occurrences, both in the past and in the future, 
of the word q. 

Let 

y± >00 (K) := <f>-X)> ^(K) := |J PXooW. 

teR 



29 



and assume that (7£) (and hence V q (7£)) is non-empty. 

Let J-q be the first return map of J 7 to ^^(T^), i.e., the map induced by 
T on y± j00 (K) (cf. Subsection E3D. 

By definition, {-P*}|y q (rc), the restriction of the flow {-P*} to V q (7?.), is 
Borel isomorphic to a suspension flow (.F q , r q ) over the map Tq. To de- 
scribe the roof function r q we take (A, tt) G A°°(7V), (A', 7r') = £?(A, 7r), and 
introduce, following Veech, the function 

t 1 : (A, 7r) (->• log ^(cuqJA'I, (4.8) 

where Co> is determined by the equation $(A, 7r) = (o>q, . . . ), that is 
(A, 7r) G A(o>o). (Recall that the norm of a vector t> is given by \v \ — £V 
Using (13.141) . (13.151) . it easy to check that if x = (A,7r, 8) G 3^(7£) and 
(A, 7r) G A(wo), where Wo = (c, n, tt), then the first return time of x to 
^ooC^) under the action of the flow {-P*} is just r 1 (A, 7r). 

Let now (A,7r) G $ _1 (fi q ), (w , Wi, . . . ) = $(A,7r), and let s be the mo- 
ment of the second appearance of the word q in (co , u>i, . . . ), i.e., 

s = s(u , u u ...) = mm{k > 0\(u k , . . . , u k +l-i) = q}. (4.9) 

Denote 

r^A, tt) = r l (X, tt) + r^A, tt)) + - • • + r 1 ^- 1 ^, tt)). (4.10) 

If x = (A,7r,5) G ^(71), then (A, 7r) G $ _1 (fi q ), and we have 

r q (x) = ^(A,7r). (4.11) 

Denote by the map from VqiTZ) to the phase space of (J-" q , r q ) that 
induces the above-mentioned isomorphism between the flows {-P*}|v q (7^) an d 

(^q,^)- 

From now on we assume that q is a positive word. For such q, we con- 
struct a suspension flow (<r q , f q ) closely related to (J^, r q ). Denote, as before, 
by a the one-step left shift on fl\ B and, for u = (. . . , Wq, Wq, . . . ) G fi q , 
let 

a q (u;):=a s , f q (w) := r^S" 1 ^, m, . . . )), (4.12) 

where s is defined in (14. 9p . (Observe that oj G f2 q implies (w ,wi, ...) G 
f2 q , hence by Lemma 14.21 $ _1 (a;o, c^i, • • • ) is a uniquely defined point from 
A°°(ft)). 
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Proposition 6 in [1] states that if q G W_a,b is positive, then for every 
u) G fiq, there exists at most one zippered rectangle corresponding to it; in 
other words, the map $ restricted to the set D^oo^) := ^ >_1 (^q) * s injective. 
It induces, in a natural way, a measurable injective map ^2 from the phase 
space of the flow (er q , r q ) to the phase space of the flow (<r q , f q ) that sends the 
former flow to the latter one restricted to some invariant set. Hence (J-" q , r q ) 
is embedded (in the sense of Section [2]) into (a q ,f q ). 

Introduce a new alphabet ^4. q ; it will consist of all words w — {v\ . . . v n ) G 
Wa,b, Vi G A, n > I, such that (v%, . . . , v{) = q, (v n -i + i, . . . v n ) = q, and no 
other subword of w coincides with q. Since |^4| = 00 and the graph T^b is 
connected (see Subsection 14. ip . we have \Aq\ = 00. By the Markov-Bernoulli 
reduction, introduced in Subsection 12. 3[ there is a measurable one-to-one 
map ^ m-b '■ ^ q — > (-4q) Z that sends cr q to the one-step left shift a q on 
(^4 q ) z . Hence the flow (<r q , f q ) is isomorphic to the suspension flow (cr q ,/ q ), 
where 

Uu) := f,(^_ fl (tt)), u G (A/- (4.13) 

Denote by the corresponding map from the phase space of (<r q , f q ) to the 
phase space of (<r q , / q ). Summing up, we can state the following. 

Lemma 4.5. The mapping f := $1 o $ 2 o \J/ 3 yields an embedding of the 
flow {P*}|v q (^) into the flow (cx q , / q ). 

Let us turn to the probability measure fi-ji on V(1Z) and the probability 
measure /j^. induced by fj^ on y^iJZ) (see Subsection 13. 2p . 

Observe that \x-ji assigns a positive mass to every Borel set with nonempty 
interior. (We assume a natural topology on V(1Z) as well as on other spaces 
we encounter in this paper.) From this fact, using Lemma [4.21 and the defi- 
nition of T, G, and J 7 , we easily derive that 

e yt(K) : x = (\,n,5), (A,tt) G A(q)}) > 0. 

Since ji-ji is {P*}-ergodic, we have 

A**(V q (tt)) = 1, /4 ( U^Xoo^) ) = 1- (4-14) 

Vnez / 

By normalizing the restriction of /x^ to y^ t00 (Jt) we obtain a probability 
measure pJjiq- 
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Let ip be the natural projection of Ur^ B on £Ia,b- Recall that in Subsection 
13.21 we introduced the natural projection if) of y^CJZ) on A°°(1Z). It is clear 
that ip($(x)) = $(^(x)) for every x G Unez-^^ooC^)- From this fact 
combined with (14.141) and Lemma [3.31 we obtain 

= $ * z/ - (4.15) 

Using the positivity of v on all open sets, we come to the following asser- 
tion. 

Lemma 4.6. The measure is positive on every open set in the phase 

space of the flow (cr q , / q ). 

4.3 Properties of the roof function 

Recall that a word w' — w% . . . Wi G Wa,b is said to be a simple prefix of a 
word w — Wi, . . . , Wi, . . . , w n if w± . . . w n -k+i — w k ■ ■ ■ w n implies that either 
k — 1, or k > I (see Subsection 12.11) . 

Lemma 4.7. Let q G Wa,b be a word that has a simple positive prefix. 
Then the function / q introduced in ft4.13\ ) depends only on the future, is 
bounded away from zero, and is Holder continuous in the following sense: 
there exist positive constants C q; a q ( depending only on q) such that if u = 
(. . . , U-i, Uq,U\. . .) G ^4q and u = (. . . , tt_i, Uq, u\ . . . ) G satisfy Ui = Ui 
for \i\ < n, then 

\U( U ) - / q (w)| < C q exp(-a q n). 
In particular, the function / q has summable variations. 

Proof. That the function / q depends only on the future follows readily from 
its definition. Let us prove that it is bounded away from zero. By (I4.13p . 
(I4.12p this property of / q would follow from the same property of the function 
Tq defined on $ _1 (fi q ). But from (0)1 . (I4.10p and Remark HUJ one readily 
derives that, for (oj , cji, . . . ) G Jl q , 

r q (A, tt) = log \A(u ) . . . A{u a -i)X'\, (A, tt) = -f- 1 ^, wi, . . . ), (4.16) 

where s is defined in ( 14. 9 p and (A', 7r') = ^(A,7r) = $ _1 (u; s , w s +i, • • • )• If 
p is a simple prefix of q, then s > |p|, so that p is a prefix of the word 
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(co>o, • • • , w s _i) and hence this word is positive. Thus all entries of the m x m 
matrix 

A(u , LU s -i) = A{u ) . . . v4(w s _i) 

are positive integers, while A' is a positive vector with |A'| = 1. Therefore, 
for every (A, ir) E $ _1 (fi q ), 

t*(\,7t) = log|A(o;o, . . . ,w a _i)A'| > logm > 0. 

We now turn to the Holder continuity of / q . Let u, u be as in the statement 
and let to = ^^_ B (u), Co = \l/^/_ B ('u). By definition, w,w G Oq, hence 
(coo, coi,...), (w , £u u ...)E f2 q . By (ETJ-glS]) 

/ q («) = ^(A, tt) = log \A(to , w.-OA'l, (4.17) 
= ^(A, ?r) = log l^o, • • • , <S»-i)A'|, (4.18) 



where 



_1 (u;o,u;i, 



(A,vr) = $ 1 (u ,u 1 ,...), (A, ?f) = $~ 

(A',7r') = £ s (A,vr), (A', ff') = £ S (A, 7f). 

Since p is a simple prefix of q, one can find k > nl — 1 such that = u)j for 
i — 0, 1, . . . , k. Then, by Remark 14. 1[ for some vectors A", A" G A m _i, 

^ _ A(u , . ..U n i„i)\" ~ _ A(tO , . ..U) n i_i)~\" 
\A(u Q ,...U nl ^ 1 )X' , y ~ |A(Wo,...W„Z-l)A''|' 

Introduce the Hilbert metric d B on A m _i by 
dH(AW,A«)=log( mw ^/ mm ^ ) , A^ = (A[ j) , . . . , Ag>), J = 1, 2. 

\ l<i<m l<i<m \yv / 

(4.20) 

It is known that if an m x m non- negative matrix A = (a^-) is such that 
Sj=i a y > for all i, then the mapping Ta '■ A m _i — )■ A m _i defined by 
TaX = AX/\AX\ does not increase the ^-distance between points, while if 
dij > for all i,j, then Ta is a uniform contraction (see, for example, |24j). 

By definition, the word to . . . to n i-\ is a concatenation, namely, to . . . u n i-\ ■ 
pu>i . . . pu> n , where the word w iy 1 < i < n, is such that the sum of the entries 
in each row of the matrix A{wj) is positive. It follows (see ( I4.19P ) that 

MA, A) < d B (T2 itd X", T£ (q) A") < C,a n , (4.21) 
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where G\ G M + and a G (0, 1) depend only on q. (We have used the fact 
that T_4( q ) takes A m _ x to a set of finite d#-diameter). 

Denote A\ = A(uq, ■ ■ ■ , oj 8 -i)- Since all entries of the matrix A\ are 
positive, we have (see (14.20)) ) 



( A X X A x l\ ( {A 1 X) i , . (A 1 X) l \ 
d H — =r- = log max — / mm =t— < C 2 a H 



(A, A), 



where (AjA)i (resp., (AiX)i) is the ith entry of the vector A\X (resp., AiX) 
and C 2 is determined by q. Hence, by (14 .171) and ( 14.21)1 . 

|/ q (u)-/ q (i2)| = 1^(1^1/1^1)1 <C 2 d H (X,X) <C 2 C ia n , 
so it remains to set C q = C 2 C\ and a q = — log a. □ 

4.4 Transition probabilities and the uniform expansion 
property. 

By Theorem 13.11 the map Q on A (1Z) preserves an absolutely continuous 
ergodic probability measure, which was denoted by v. 

Consider a word w = w\...w k G Wa,b, where u>, = (cj, 7^,71*) G ^4, 
1 < i < k. We say that w is compatible with a point (A, 7r) G A°°(7?.) (or 
(A, 7r) is compatible with w) if 

either A G A~, c k = a, a nk n k =ir, or A G A+, c k = b, b nk Tr k = -k. 

Assuming that w is compatible with (A,7r), we set 



\A(w)\\ 

From the definition of Q (see (13 .6)1 ) it follows that 

£~ n (A,7r) = {t w (A,7r) : \w\ and u> is compatible with (A,7r)}. (4.23) 

Note that the set (?~ n (A,7r) is infinite. 

In Subsection |JJ] we introduced, for each word w G W^b, the set A(u>) C 
A°°(TZ) (see (14. 5p ). One can readily check (see Remark 14. ip that 

A(w) = {t w (X,n) : (A, 7r) G A°°(1Z) is compatible with w}. (4.24) 
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For every n G N, we have the //-measurable partition Q~ n e of A 00 (72), 
where e is the partition into separate points. Each element of Q~ n e is 
(?~ n (A,7r) for some (A,7r) G A 00 (72.), its points correspond to the words 
w G WU,b of length n compatible with (A, 7r) and have the form t w (X,7r) 
(see (14.221) . (I4.23P ). We denote by u(w\(X,Tt)) the conditional measure (de- 
termined by v) of the point corresponding to w, given the element Q~ n (X, it) 
of the partition Q~ n e. 

In Section 3.5 of [I] it is proved that if w is compatible with (A, 7r), then 

Now consider the set A(q) corresponding to a word q G W^,b (see (14. 5p ). 
Every point from A(q) is of the form (A, 7r q ), where 7r q is a fixed permutation 
and A belongs to a set A'(q) C A m _i. Denote by d(q) the diameter of A'(q) 
with respect to the Hilbert metric on A m _i introduced in (14 . 2 j) . 

Proposition 4.8. There are positive constants (3± and (3 2 (depending only 
on 1Z) such that for every positive word p' G Wa,b with d(p') < f3 1} the 
following holds. Let p be a word that has p' as a simple prefix, and let a 
word r G V\?a,b start and end with p and contain no other occurrences of p. 
Then for any (A, it) G A(r) R $~ 1 (fi p ), we have 



i/(A(r))exp[mr^(A,7r)] 



< /3 2 d(p') 



KA( P )) 
where is defined by \<{-10$ - 

Proof. By assumption, the word r has the form r = p'wp = pu for some 
u,uE Wa,b- Hence 

v(A(r))= f u(p'u\(\,7i))du(\,n). (4.26) 
Ja( p ) 

From (14 .251) we obtain 

^, )) = *^._i_. (4 , 7) 

By ( I4.20p . taking into account that |A| = 1 when A G A m _i, for any two 
points, (A, 7T p /), (A, 7T p /) G A(p'), and for i — 1, . . . , m, we have 

e~ d(p,) < A 4 /A, < e d(p,) . (4.28) 
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Let us estimate the first ratio on the right-hand side of (14.271) . From the 
fact that p'up' G Wa,b h follows that if (A, 7T p /) G A(p'), then (A, 7r p /) is 
compatible with p'u. Hence t p / u G A(p'it) C A(p') (see ( I4.24p ). Denote 

(A, 7r) := tp> u (\, 7T P '), A = (Ai, . . . , A m ), 

and observe that 7r = n p /. By (14.281) 

e- d ( p,) Ai <\i< e d(p ')Ai, % = l,...,m, 

while by Theorem 13.11 p(X, n) = Pa(X)/Qz(X), where P% and Q% are homo- 
geneous polynomials with non-negative coefficients. Therefore, 

P*(A) < P^(e d ^')A) < e^ p V,(A), 

Q*(A) > g^(e- d(p,) A) > e^ d ( p ')g,(A), 

where 71 and 72 are determined by p (and, eventually, by TV). From this we 
immediately obtain 

exp[-( 7 i + 7 2 )d(p')] < < ex P [( 7 i + 7 2 )d(p')]. (4.29) 

Using ( I4.28P and the positivity of all entries of the matrix A(p'u), for any 
(A, 7T p /), (A, 7T p /) G A(p'), we have 

exp[-d(p')] < j^ P ^j < exp[d(p')]. (4.30) 
|A(p'm)A| 

Now fix an arbitrary point (A°,7r°) G A(r) D $ _1 (f2 p ). By Lemma 14.21 
(A , 7T°) = $ _1 (wo, oji, . . . ) for some (cuo, • • • ) G fi p . Let s be defined by 
( 1491) and (A', tc') := £ s (A ,tt ). Clearly, s = \p'u\, hence (A', ir') G A(p) C 
A(p'), and by @2E}, (M), @2S), (E3DJ), 



z/(A(r))|A(p'u)A'| m 1 f p{t plu {\,n)) \A{p'u)\' 



dl>(X, 7r) 



i/(A(p)) i/(A(p)) 7 p(A,tt) |A(p' M )A|' 

A(p) 

<exp[(7 1 + 7 2 + l)d(p')]. (4.31) 

Similarly, 

z/(A(r))U( P V)A'r r , . 

1 j A( p)) ^ exp[-( 7l + 72 + l)d(p')]. (4.32) 
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From ( |QT]I . (Q2]l we obtain 



z/(A(r))|v4(pV)A'| 



i/(A(p)) 



< exp[(7i + 72 + l)d(p)] < 2( 7 i + 72 + l)d(p'), 



where the last inequality holds when (7! + 72 + l)d(p') < log 2. It remains 
to recall that by (05| |A(p'it)A'| = exp(rKA, tt)). □ 



5 Zippered rectangles and Abelian differen- 
tials. Completion of the proof of Theorem 

Fix a connected component "H of the space Ai K (see Section [1]). To this 
component there corresponds a unique Rauzy class TZ in such a way that the 
following is true [2TJ [T3] . 

Theorem 5.1 (Veech). There exists a finite-to-one measurable map : 
V(1Z) H such that ttk o P l = g t o 7^ and {t^-r)*^ — A*k / or a ^ t € R. 

(Recall that the set V(TZ) is defined in Subsection I3.2p . 

Corollary 5.2. 1. i/77 is a {gt} -invariant ergodic probability measure on %, 
then there exists a {P 1 } -invariant measure fj on V(1Z) with {irn)*fj = 77. 

2. If fj is a {P 1 } -invariant probability measure on V(1Z) such that the 
{gt} -invariant measure {t^-r)*^ is ergodic, then 

h({P t }) = h**M({9t})- (5-1) 

Proof. 1. Let rj be an ergodic {g t }-invariant probability measure on %. By 
ergodicity, there is a set H' C H such that T](H') = 1 and the cardinality 
of the preimage n^(p) does not depend on p E The sets n^}(p) form a 
measurable partition of V(1Z). By assigning equal weights (conditional mea- 
sures) to all points in %^(p), p e %, we obtain a {P*}-invariant probability 
measure fj on V(TZ) such that (h-r)^ = 77. 

2. Let fj be a {P*}-invariant probability measure on V(1Z) and rj = (7Tn)*V- 
Assume that rj is ergodic with respect to the flow {gt}, hence it is ergodic 
with respect to the automorphism g to for some t > 0. 

Denote by c the canonical partition for P'° and fj, i.e., the partition of 
V(1Z) corresponding to the decomposition of P*° into ergodic components 
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with respect to fj. For an element C of c, denote by fjc the conditional 
measure induced by fj on C, and consider fjc as a measure on V(1Z). Let 
us note that for //-almost all C, the measure fjc exists and is ergodic with 
respect to P to . 

Take a measurable set M comprised of preimages ^^(p). From the 
Birkhoff ergodic theorem, applied to P to , fj, M and to P to , fjc, M, it fol- 
lows that c and the partition of V(1Z) into the preimages n^^p), p e H, 
are independent with respect to the measure fj. Therefore {'Knj^fjc = rj for 
77-almost all elements C G c. 

As before, the cardinality of ^^(p) is a constant, say k, on a set T-U C H 
with 7)(7i') = 1. Moreover, if fjc is P*°-ergodic, then the conditional measure 
induced by fjc on Tr^{p) for r/- almost all p G %' is uniform. Therefore, 
the measure space (V(1Z), fjc) is isomorphic to the direct product of (H,rj) 
and a set consisting of k points of mass 1/k each. In this representation, 
P to becomes a skew product with base (7i, rj, gt ), and the Abramov-Rokhlin 
formula [1] for the entropy of a skew product implies that h^ c {P to ) = h v (g tQ ). 
Thus the entropy of 77-almost every ergodic component of P to equals h v (g to ), 
which implies that /i^(P to ) = h v (g to ). Since the entropy of automorphisms 
forming a measurable flow {St} with respect to an {S^-invariant probability 
measure \i satisfies the equation ^({St}) = \t\hpiS\), we come to (15. ip . □ 

From Theorem 15.11 and Corollary 15.21 taking into account the ergodicity 
of the measure \i K with respect to {g t } (see Section [TJ, we readily obtain the 
following. 

Corollary 5.3. To prove that fi K is a unique measure with maximal entropy 
for the flow {g t } it suffices to show that \xn is a unique measure with maximal 
entropy for the flow {P*}. 

Recall that the Rauzy class 1Z we deal with consists of permutations on 
m symbols. With this in mind we derive from ( II. ip and Corollary 15.21 that 

h m ({P t }) = 2g-l + r = m, (5.2) 

We call a point x G V(TZ) infinitely renormalizable if its trajectory {P t x, t G 
M.} intersects the transversal y ± (TZ) infinitely many times both for t > and 
for t < 0. The set of infinitely renormalizable points was denoted in Section 
Oby^±(7e). 

The following proposition is in essence contained in [21] and [15j . 
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Proposition 5.4. There exists a Borel measurable set V C % such that 
(i) n(V) = 1 for every ergodic {g t } -invariant probability measure fi on H; 
(li) 7Tk(p) ny»^0 for each peV. 

Proof. For a compact set K C "H, denote by K ± the set of points p G H for 
which there exist t n — > +00 and s n — > —00 such that g tn p G if, g Sn ?/ G if for 
n = l,2,.... 

Take an increasing sequence of compact sets K n such that \jK n = H, 

n 

and let V = [JK^ ■ The set V is obviously Borel measurable. By definition, 

n 

for every probability measure /1 on 7i, there exists n with fi(K no ) > 0. If, 
in addition, fi is {gt}-invariant and ergodic, then fj,(K^ Q ) = 1 and hence 

Let (cr, w) belong to an equivalence class p e V (see Section [TJ. Then, by 
Masur's theorem [T5], the foliations corresponding to 9?(u;) and ^(w) are both 
uniquely ergodic. This implies, in particular, the existence of an infinitely 
renormalizable zippered rectangle in vr^ 1 ^ (see, for instance, [27]), which is 
all that we had to prove. □ 

Lemma 5.5. Let fj be an ergodic {-P*} -invariant probability measure on 
V{1Z). Then there exists a positive word p G W^b such that fj(V p (H)) = 1. 
Moreover, if /i^({P*}) > ; then for any p such that fj(V p (TZ)) = 1, there 
also exists a word q G Wa,b such that fj(Vq(H)) = 1 and p is a simple prefix 
o/q- 

Proof. Since the measure fj is ergodic with respect to {-P*}, its projection 
77 := (7772.)*^ is ergodic with respect to {gt}- Let V be as in Proposition 
15.41 and W = 7r^(V). By Proposition 15.41 r)(V) = 1, which implies that 
fj(W) = 1. 

For every point x = (A, 7r, 5) G W, the interval exchange (A, tt) is uniquely 
ergodic. Now Lemma 14731 yields a positive word q x G Wa,b such that (A, tt) G 
A(q a! ). Since 7/(VF) = 1, while Wa,b is countable, there exists q G W^s 
such that r){{x : q x = q}) > 0. For this q we have t)(^ 00 )(7?.) > and, 
since 77 is ergodic, r)(V q (7£)) = 1. 

Let us now consider the set W(p) C W^b of all words that have p 
as a prefix. If q G W(p), and p is not a simple prefix of q, then q is a 
concatenation: q = q'q' . . . q'q", where q' is a prefix of p, and q' is either a 
prefix of q' or empty. In this situation, either 7/(V q (7£)) = or fj(Vq(TZ)) > 
and fj is concentrated on periodic points of the flow {P*}. But this can not 
be the case for all q G W(p), since ?y(V q (7^)) = 1 and /^({P*}) > 0. □ 
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The following statement will be also used below. 

Lemma 5.6. Let T = {V,E) be a directed graph with \V\ = oo and W(T) 
be the corresponding family of words (see Subsection \2.1\) . Then for each 
w G VK(r) and each n G N ; there exists a word w' G l^fT) of the form 
w' = wwiww 2 w, . . .w n _iw, Wi G ^(r), containing n disjoint subwords equal 
to w and such that the word w" := WW1WW2W, . . .w n -\ is simple. 

Proof. Denote the first and last letters of w by v~ and v + respectively, and 
construct by induction a sequence of letters V\, t>2,. • • as follows. For v\ we 
take an arbitrary letter that is not contained in w. If V\, . . . , v k, 1 < k < n— 1, 
are already chosen, we denote by (respectively, w^) the shortest word 
from v + to Vk (resp., from to v~). (If there are several words of the same, 
minimal, length, we take any of them.) Then take for v^+i an arbitrary vertex 
except for those contained in at least one of the words w, Wi, w^, . . . , w£, . 
Consider the sequence of words 

w, wf, wf, w, w£, Wz,W,..., w, w+, w~_ x , w. 

Delete the last letter from each of these words but the last w, and denote 
by w' the concatenation of the words thus obtained. It is easy to check that 
w' possesses the required properties. (To define Wk one should remove the 
first and last letters from w£, the last letter from w^, and then take the 
concatenation of the two words obtained.) □ 

End of the proof of Theorem 11.11 By Corollary I5.3[ it suffices to 
prove that is a unique measure with maximal entropy for the flow {-P*}. 

Let ji be a measure on V(1Z) with /i M ({P*}) > h^({P 1 }). Without loss 
of generality we can assume that \i is ergodic (otherwise one could pass to 
an ergodic component). By Lemma [5.5^ there exists a word q G W^b that 
has a simple positive prefix and is such that yu(V q (7?.)) = 1. Remind that 
A*7e(Vq(7?.)) = 1 as well. By Lemma H~5| the flow {-P*}|v q (7e) is embedded in 
the suspension flow (er q , / q ) via a mapping \1>. The roof function / q clearly 
depends only on the future (see Subsection 12.11) . Moreover, by Lemma 14.71 
/ q is bounded away from zero and has summable variations. 

By Lemma \A. 61 the measure ty*Hiz is positive on all non-empty open sub- 
sets of the phase space of the flow (er q , / q ). This measure induces, in a canon- 
ical way, a probability measure /i q on (*A q ) z , the base of the suspension flow 
(<7 q , / q ). It follows that /2 q is positive on all cylinders in (*A q ) z . 
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Let us prove that /i q satisfies the other conditions imposed on the measure 
Jx in Theorem 12.21 (We apply this theorem to the complete graph with vertex 
set Aq] in this situation every sequence of letters (i.e., vertices of the graph) 
is a word.) 

Apply Lemma 15.61 to the connected graph Ta,b (see Subsection 14. 1 j) and 
to the word q taken as w. From this lemma we obtain, for each n G N, a 
word of the form qgiq . . . qqVtq G Wa, b whose prefix qgiq . . . qg n is a simple 
word. 

Each word a« := qg^q, i = 1, . . . , n, is a letter in the alphabet Aq intro- 
duced in Subsection 14. 2\ and a := (ai, . . . , a n ) is clearly a simple word for all 
n. Denote by a an arbitrary word in the alphabet Aq that does not contain 
a as a subword, and consider the cylinders C a and C a a a C (Aq) 1 '. Using the 
definition of the measures and maps that appear below, we have 



where f2 q + consists of all u = (cUk, k G Z) G B such that (cu n , . . . , w n+ | q |_i) = 
q for n = and for infinitely many n > 0. Hence 



Since the measure is shift- invariant, while the word q is a prefix of 

a x G Wa,b, from the Poincare Recurrence Theorem we obtain 




(5.3) 



Observe that A j_ B C a — C fl f2 q , where C is a cylinder in whose 
support belongs to Z + . It follows that 



rWn^)) = Cn^, 



= ($^)(Cno;+). 



(*.a4)(c n n£) = ($*/4)(c n n^) = ($*/4)(C) 



so that 



(^.(S^X^-iA)) = (*.A4)(«tf_ B C a ). 



(5.4) 



In this argument one may replace C a by C a a a to obtain 



JU-B 



M—B 



aaa 



(5.5) 
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Substitution of (15. 4p and (15. 5p in ( 15. 3 p with taking into account (I4.15P yields 

/2 q (C a ) " (M(^ir- B cy " <*- x I?I>*m-bC+)) ' 
In a similar way as above we have 

^(%}_ B c a ) = c a(q) n n q , tp(%l_ B c a a a ) = c a(q) n n q , 

where C a ( q ), C a ( q ) are the cylinders in fl^B corresponding to the words 
a(q) := qgiq...qg„q G Wa,b and a(q) := a(q)wa(q) G Wa,b with some 
w G n^s, respectively. Therefore (see (15.61) . (14.51) ). 

/^q(Caaa) = l/(A(a(q))) ? N 

// q (C a ) KA(a(q)))- 1 • J 



Let us now apply Proposition 14.81 with p' = qtfrq . . . qg n , p = a(q), 
r = a(q), where n is large enough. We may do so because of the following 
two facts: 1) the choice of the word d above implies that w does not contain 
subwords equal to a(q); 2) d(p) < e~ not for some a > 0, as can be shown in 
the manner of Subsection 14.31 By this proposition combined with (I5.3P we 
obtain 



-exp(-mr a(q) (A,7r)) 



Aiq(Ca 



< (3 2 exp(—na — mr^(X, ir)), 



where 

(A,7r) G ($"V*M-flCaaa) n $ _1 fi a (q). 

Using (JOD, dH3D, and (|£I0)1 - (|£I2)L one can check that if u G C aaa is 
such that (u n , . . . , w n +|a|-i) = a f° r infinitely many n > and n < 0, then 
f(w,C a ) = T a ( q )(A,7r), where (A,7r) = ^^x/j^m-bu G <& -1 fi a ( q ). It remains 
to note that by the Recurrence Theorem, /2 q -almost all u G C a da satisfy the 
stated condition. 

We thus see that the measure /i q satisfies the assumptions of Theo- 
rem E2] (in particular, the constant s in (12 .41) equals m = /l$»^(cr q , /q))- 
This theorem now implies that (/x q ) / is a measure with maximal entropy for 
(cr q , / q ) and hence //-^ is a measure with maximal entropy for {-P*}, so that 

^top({-P*}) = ^top(>q, / q ) = m. 

As to the measure /i, it follows that h^{{P 1 }) = h^ n {{P 1 }). Then has 
the same entropy with respect to the suspension flow (<r q , / q ) (see (I5.2p ) and 
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hence is a measure with maximal entropy for this flow. But from Theorem 
12.21 we know that such a measure is unique. This completes the proof of 
Theorem 11.11 
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